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We investigate U(N) Chern-Simons theories on noncommutative plane. We show that for the
theories to be consistent quantum mechanically, the coefficient of the Chern-Simons term should
be quantized κ = n/2pi with an integer n. This is a surprise for the U(1) gauge theory. When
uniform background charge density ρe is present, the quantization rule changes to κ+ ρeθ = n/2pi
with noncommutative parameter θ. With the exact expression for the angular momentum, we argue
in the U(1) theory that charged particles in the symmetric phase carry fractional spin 1/2n and
vortices in the broken phase carry half-integer or integer spin −n/2.
PACS numbers : 11.15.Tk,11.30.-j,11.10.Kk
Recently there has been a considerable interest in the
noncommutative gauge theories with Yang-Mills kinetic
term [1]. The Wilson loop line segments and the co-
variant position operators play a crucial role in defining
the covariant semi-local densities [2–4]. The energy mo-
mentum tensors are gauge covariant and so the issue of
the gauge invariant local operator has been discussed in
many directions.
The Chern-Simons gauge theories on noncommutative
plane have been studied also recently [5–7]. There was a
claim that there is no need for the Chern-Simons coeffi-
cient in the noncommutative case [8].
In this letter, we show that the Chern-Simons coeffi-
cient should be quantized if the noncommutative U(N)
Chern-Simons theories are consistent quantum mechan-
ically. This is true even for the U(1) theory. One can
also introduce an additional uniform charge as the back-
ground, in which case only a linear combination of the
background charge and the Chern-Simons coefficient is
quantized. We also find the conserved angular momen-
tum and calculate it for any rotationally symmetric con-
figuration. The result is identical to the commutative
case, implying that the spin-statistics theorem holds even
for the noncommutative field theories.
Recently Susskind [9] argued that the noncommutative
version of the U(1) Chern-Simons theory at level n is
exactly equivalent to the Laughlin theory of the filling
fraction 1/n. In this argument, the quantization of the
Chern-Simons coefficient is essential. The present paper
provides the proof of the quantization.
The noncommutative plane is defined by the coordi-
nates (x, y) satisfying the commutative relation
[x, y] = iθ. (1)
We choose θ > 0 without loss of generality. The Hilbert
space of harmonic oscillator is defined by the annihilation
and creation operators
a =
x+ iy√
2θ
, a¯ =
x− iy√
2θ
(2)
which satisfy [a, a†] = 1. The space integration
∫
d2x
becomes 2πθTr.
For the U(N) gauge group, the gauge field A(x) is her-
mitian matrix valued operator on the noncommutative
space. For simplicity, we just include a charged mat-
ter field φ(x). The action for the theory is the sum of
the Yang-Mills action, the Chern-Simons action, and the
matter action. The Yang-Mills action is
SYM =
∫
dt 2πθ Tr
(
− 1
4e2
trFµνF
µν
)
, (3)
where Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]. The small tr
is over the N by N group indices. The Chern-Simons
action [10] is
SCS =
∫
dt2πθTr
κ
2
ǫµνρtr
(
Aµ∂νAρ − 2i
3
AµAνAρ
)
. (4)
The matter action is
Smatter =
∫
dt 2πθTr tr
(−∇µφ∇µφ¯− U(φ, φ¯)) , (5)
where the covariant derivative is ∇µφ = (∂µ − iAµ)φ.
Under the local U(N) gauge transformation g = eiΛ(x),
the gauge field Aµ transforms as Aµ(x)→ gAµg¯− i∂µgg¯,
and φ → gφ. The Yang-Mills and matter actions are
manifestly invariant under this transformation. How-
ever, the Chern-Simons action is not manifestly invari-
ant. Rather its change is
∆SCS = iπκθ
∫
dt Tr tr ǫµνρ∂µ(∂νgAρg¯)− 4π2κN , (6)
where
N = 1
24π2
∫
dt 2πθTr tr ǫµνρ (g¯∂µgg¯∂νgg¯∂ρg) . (7)
This quantity N is the analogue of the ‘topological num-
ber’ for the mapping from S3 → SU(2). As ∂ig = [∂ˆi, g]
with ∂ˆi =
i
θ ǫijx
j , the topological number becomes
1
N (g) = − i
4π
∫
dt Tr tr
(
g¯∂tg
[
g¯[a, g], g¯[a¯, g]
])
. (8)
As we make successive gauge transformations which go to
the identity quickly at infinity, their topological numbers
add up. Thus, we see that N (g1g2) = N (g1) +N (g2).
The gauge transformation is g(x) = eiΛ(x) with a her-
mitian matrix valued function Λ(x). As Λ is hermitian
also as an operator on the Hilbert space, we can find a
unitary transformation U(x) which diagonalize Λ and so
g. That is g = UeiΛD U¯ with a diagonal ΛD. The topo-
logical charge would not change with this diagonaliza-
tion. Thus we need to calculate the topological number
for g = eiΛD . The general expression for the diagonal
function ΛD(x) is
ΛD(x) =
∑
l
diag
(
f1l(t), f2l(t), ..., fNl(t)
)
|l〉〈l| , (9)
where fal(t) are the real functions of time only. The
contribution of each diagonal element is independent and
adds to the topological charge,
N (g) = 1
2π
∑
la
(fal(∞)− fal(−∞)) . (10)
For gauge transformations which go to the identity trans-
formation at the spacetime infinity, fal(t) approaches
2π × (integer) as t → ±∞ and fal(t) → 0 as l → ∞.
Thus the above topological charge should be integer even
in the noncommutative U(1) gauge theory.
The path integral amplitude for a given configuration is
proportional toA = eiSCS , which can change nontrivially
under the gauge transformations which go to the identity
at spacetime infinity. That change should be unity for the
theory to be consistent,
ei∆SCS = e−i4pi
2κN = 1 , (11)
for arbitrary integer N . This consistency leads to the
quantization rule
κ =
n
2π
(12)
with an integer n. Thus the Chern-Simons coefficient
should be quantized for the noncommutative U(N) gauge
theory. The parameter n is also called the ‘level’ of the
Chern-Simons term. This quantization rule is identical to
that for the commutative theory with larger gauge group
but is novel for the noncommutative U(1) theory.
It seems that the gauge transformations considered
above do not have the smooth limit when θ → 0. One
can write the noncommutative version of more familiar
map from R3 → SU(2) with nonzero wrapping. Define a
generator of U(N) group
Θ(z, z¯) = W¯ (z¯)
1
WW¯
W (z) (13)
with holomorphic N dimensional row vectorW (z) whose
components are polynomials of order l. Consider a
gauge transformation g = e−if(t)Θ(∞)eif(t)Θ(z,z¯) with the
boundary condition that f(±∞) = 2πm± with integers
m±. This gauge transformation goes to the identity at
spacetime boundary. This gauge transformation has the
topological charge N = −(m+−m−)l and also a smooth
θ = 0 limit. The expression (13) has a smooth θ = 0 limit
except for the U(1) theory. (WhenW is antiholomorphic,
one gets opposite topological number if WW¯ is invert-
ible.) A similar expression for the above gauge transfor-
mation appears also in the calculation of the topological
number for noncommutative CP (N) theories [11].
A different form of the Chern-Simons action can be
obtained by using the covariant position operator
X i = xi + θǫijAj . (14)
These operators appear in the matrix interpretation
of the noncommutative Yang-Mills term. The Chern-
Simons term becomes
S′CS =
∫
dt 2πθTr
{ κ
2θ2
tr ǫij∇0X iXj − κ
θ
trA0
}
,
(15)
where ∇0X i = ∂0X i − i[A0, X i]. This expression is pos-
sible only for the noncommutative gauge theory. The
first term of the right side is manifestly gauge invari-
ant. The second term is not gauge invariant. Under the
local gauge transformation eiΛD , it changes identically
as before, leading to the same quantization condition.
The quantization of the coefficient of A0 has appeared
before. In the gauged dynamics of quantum mechan-
ics with zero spatial dimension, the term linear in A0
is a one-dimensional analogue of the three dimensional
Chern-Simons term and the quantization of its coefficient
in the U(1) theory has been explored before [12]. The
reasons for the quantization in both cases are identical.
This gauge noninvariant term has been studied also in
different context. The term proportional to A0 is the
background electric charge density. As explored in the
Maxwell and Chern-Simons theories before [14], one can
add an action which describes the effect of uniform back-
ground electric charge density. In the Chern-Simons the-
ory, it can be translated to a uniform background mag-
netic field. The action is
Sback =
∫
dt 2πθTr {−ρetrA0} , (16)
where ρe is constant. This action is not gauge invari-
ant, and looks identical to the last term for the alter-
native Chern-Simons action in the previous paragraph.
Thus the gauge invariance implies the modification of
the quantization rule (12) to
κ+ ρeθ =
n
2π
. (17)
2
Only a linear combination of these two parameters is
quantized.
The Chern-Simons theories can be used to describe
anyons, or particles of fractional spin and statistics. The
commutation relation (1) which defines the noncommuta-
tivity does not violate the translation and rotation sym-
metries. Thus, we expect that there exist corresponding
conserved quantities. (See Ref. [4,7] for the previous dis-
cussion for these conserved quantities.) Under the rota-
tion xi → x′i = xi + δxi with δxi = ǫijxj , the fields in
the commutative theories transform as δφ(x) = −δxi∂iφ
and δAi(x) = ǫijAj − δxj∂jAi. Here we have dropped
the infinitesimal parameter in the front of the variation.
We can decompose the transformation of the fields into
the gauge covariant one plus a pure gauge transforma-
tion [13]. In the noncommutative field theories, one
should be careful about the ordering of coordinates. Es-
pecially, with φ′(x′) = φ(x) under the rotation, we notice
that in the fourier expansion
δφ =
∫
d2p φ(p)
(
ei(x
i−δxi)pi − eixipi
)
= −1
2
(δxi∂iφ+ ∂iφδx
i) . (18)
Here we have used the identity ei(x
i−δxi)pi =
e−iδx
ipi/2eix
ipie−iδx
ipi/2 when δxi is linear in xi. Thus,
the generalization of the transformation to the noncom-
mutative case is that the transformation δφ and δAi is
the sum of the covariant transformation
δcovφ =
1
2
ǫij
(
X i∇jφ+∇jφxi
)
,
δcovAi = −1
2
(X iF12 + F12X
i) , (19)
plus a local gauge transformation δgaugeφ = iΛφ and
δgaugeAi = ∇iΛ with
Λ =
1
2
[
ǫij(x
iAj + Ajx
i) + θA2i
]
. (20)
The above expression has the well defined commutative
limit as θ → 0.
The Noether charge we are interested in is that for
the covariant transformation δcov = δ − δgauge. While
the action is invariant under δ, the action under δgauge
changes by a total time derivative term after the Gauss
law is used. This is due to the Chern-Simons term and
the background charge. The gauge invariant angular mo-
mentum is then
J = −2πθTr tr
{
1
e2
F0iδcovAi +∇0φδcovφ¯+ δcovφ∇0φ¯
+
ρe
2
(X i)2F12
}
. (21)
We have discarded gauge noninvariant boundary terms,
which are related to the manifestly conserved current.
This is the generalization of the angular momentum [14]
to the noncommutative space. In the symmetric phase
F12 can have a uniform nonzero value in the symmetric
phase, in which case this ground value should be sub-
stracted from the above expression. (See for detail in
Ref. [14].)
To calculate the angular momentum of the various ob-
jects in the theory, let us focus on the U(1) gauge theory
without the Maxwell term nor the background charge.
The angular momentum then has only the matter contri-
bution. We are interested in finding the explicit angular
momentum for an initial configuration of the gauge field
and the Higgs field. We assume that the initial velocity
or time derivative is zero, but there is nonzero A0 to sat-
isfy the Gauss law constraint. In addition we assume that
the initial configuration is rotationally symmetric. The
most general ansatz with the covariant position operators
instead of the gauge field is then
φ(x) =
∞∑
l=0
fl|l〉〈l + µ| , A0(x) =
∞∑
l=0
al|l〉〈l| ,
Z = X + iY =
∞∑
l=0
√
2θ(l + 1 + kl) |l〉〈l + 1| , (22)
with real coefficients fl, al, kl. We call µ the vorticity of
the Higgs field at origin. This can be positive or negative
integer. In the negative case, the coefficients f0, .., f|µ|−1
vanish. When Ai = 0, the coefficients kl vanish. For
localized configurations the coefficient kl should converge
to a finite value in the large l limit. Also we choose
k−1 = 0. As F12 = − 1θ + [Z,Z¯]2θ2 , the total magnetic flux
Ψ = 2πθTrF12 becomes
Ψ = 2π lim
l→∞
kl ≡ 2π(µ+ α) . (23)
This limit can be positive or negative. Its analogue in the
commutative theory is the expression for the magnetic
flux as the line integration of the gauge field at the spatial
infinity, Ψ =
∮
∞
dliAi. The Gauss law κF12−ρ = 0 where
the charge density is ρ = −i(∇0φφ¯− φ∇0φ¯) becomes
κ
θ
(kl − kl−1) = −2f2l al . (24)
for all l. The conserved electric chargeQ = 2πθTr ρ = κΨ
is
Q = 2πκ(µ+ α) . (25)
In the symmetric phase, the electric charge is quantized
in integer in quantum mechanics as the field is invari-
ant under 2π phase rotation. A configuration with-
out vorticity describes a collection of elementary parti-
cles. A single particle would have the values µ = 0 and
α = 1/(2πκ) = 1/n, and so its magnetic flux is fractional.
The angular momentum in the theory without the
Maxwell term can be rewritten as
3
J = −iπTr {(X i)2(∇0φφ¯ − φ∇0φ¯)
−(∇0φ (xi)2φ¯− φ (xi)2∇0φ¯)
}
. (26)
The angular momentum for the rotationally symmetric
ansatz becomes
J = πκ(α2 − µ2) . (27)
This expression is identical to one appeared in Ref. [15].
When this result is combined with the quantization rule,
the consequence is fascinating.
In the symmetric phase, our initial configuration is a
generic one which may describe a q-ball with vortices in
the middle. Many elementary particles could make q-
balls. Elementary particle has charge quantized. In non-
commutative theory, the charged matter field can carry
only unit charge. Thus, the magnetic flux is fractional
1/κ = 2π/n. The spin of elementary particles and an-
tiparticles with α = ±1/2πκ and µ = 0 is identical to
sparticle =
1
2n
, (28)
which has a fractional spin as n is an integer. In the com-
mutative case, their statistics comes from the Aharonov-
Bohm phase. We expect that is true even in the noncom-
mutative case.
In the broken phase, the scalar field has nonzero expec-
tation value, liml→∞ fl = v. For finite energy configura-
tions, the gradient energy ∇iφ∇iφ¯ should vanish quickly,
which implies that kl → µ or α = 0. Then the magnetic
flux is determined by the vorticity Ψ = 2πµ as in the
commutative case. Elementary vortices and antivortices
with α = 0, µ = 1 carry the spin
svortex = −n
2
. (29)
Thus vortices in the broken phase can be fermions,
bosons. The sign difference between the spin of elemen-
tary particles and that of vortices appears also in the
commutative case. The statistics of vortices is expected
to be due to the Aharonov-Bohm phase plus the Magnus
phase, as in the commutative case [15].
We have shown that the Chern-Simons coefficient is
quantized on noncommutative space. When the back-
ground charge is introduced, only a linear combination
of the Chern-Simons coefficient is quantized. Further-
more, we argued that elementary particles in the sym-
metric phase can have fractional spin but vortices in the
broken phase can be only fermions or bosons.
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